This paper is the outcome of our attempt to answer the following w x question. Let R s k X be the polynomial ring obtained by adjoining to a Ž field k the entries of an m = n matrix X of indeterminates we assume . m F n , let M M denote the maximal ideal of R generated by the entries of X, and let I be the ideal of R generated by the m = m minors of X. It is Ž . well known see the next paragraph for hint of a proof that the dimension of M M r I s rM M rq1 I s as a vector space over RrM M s k is, for large r and s, given by a polynomial in r and s of total degree one less than the dimension of R:
INTRODUCTION
This paper is the outcome of our attempt to answer the following w x question. Let R s k X be the polynomial ring obtained by adjoining to a Ž field k the entries of an m = n matrix X of indeterminates we assume . m F n , let M M denote the maximal ideal of R generated by the entries of X, and let I be the ideal of R generated by the m = m minors of X. It is Ž . well known see the next paragraph for hint of a proof that the dimension of M M r I s rM M rq1 I s as a vector space over RrM M s k is, for large r and s, given by a polynomial in r and s of total degree one less than the dimension of R: Our approach to mixed multiplicities is through the following slightly w x more general problem. The associated graded ring gr R It of the 
R⌸
is the ideal of R generated by the elements of ⌸ ;
F is the face ring with coefficients in the field k of the poset
The face rings F are determined entirely by the combinatorics of the underlying poset ⍀; recall that the face ring of a poset P, with coefficients w x in a field k, is the quotient of the polynomial ring k x ¬ p g P , where the p Ž Ž . . x are indeterminates, by the ideal x x ¬ p, q g ⌬ , where ⌬ is the set p p q of all incomparable pairs of elements in P. The rings RrR⌸ are rather well studied quotients of Rᎏformulas for the Hilbert series of these rings w x have been obtained by Abhyankar A and by several authors after him.
Ž . Equation 2 therefore gives an effective method for calculating the bigraded Hilbert series in terms of m and n.
Using the fact that all maximal chains in ⌸ have the same length, we Ž . deduce from eq. 2 the following expression for the mixed multiplicities of Ž . Ž . M M¬I see Corollary 3.2.2 :
e RrR⌸ is the multiplicity as a graded k-algebra of RrR⌸ ;
Ž . rk is the length of any maximal chain z иии z s in ⍀;
Ž . e is the number of distinct maximal chains of the type z иии z 1 s .
p
The referee has urged that the authors provide for the reader's convenience explicit expressions for the above mixed multiplicities in terms of m and n. Unfortunately, however, we do not know a closed-form expression Ž . for the right-hand side of eq. 3 . For more information and for more admissions of ignorance about closed-form expressions, the reader is w x referred to Examples 2.6 and 2.8 of RS .
Ž . Ž . Equation 2 holds more generally see Corollary 3.2.1 for an ideal I generated by elements of a straightening-closed ideal ⍀ of a graded algebra R with straightening law over a field k on a finite poset ⌸, provided that degree F degree X as elements of R whenever F X g Ž . ⍀ . Here M M denotes the graded maximal ideal of R. In fact, the setup we work with is even more general and includes within its ambit ideals generated by d-sequences and Huckaba᎐Huneke ideals of analytic devia-Ž . tion 1 and 2 see Sect. 3 .
Having discussed above the results of the paper, we now give a more formal introduction to its content and technique. We restrict our attention in this introduction to the Rees algebra alone, but statements analogous to the ones to be made here hold for the associated graded ring and the extended Rees algebra.
We begin with a basic definition. Let R be a Noetherian ring, M M a maximal ideal of R, and I an ideal of R. There exists a natural bigrading w x w x on the associated graded ring gr R It of the Rees algebra R It with as a graded algebra over the base field k. To calculate this multiplicityᎏor w x for that matter the Hilbert series of gr R It as a graded k-algebraᎏ
Ž w x. we are free to look instead at the associated graded ring gr R It of degrees, the presentation ideal is shown to have the form of a monomial ideal. This is their main technical result. From this the formula for the w x multiplicity of R It is deduced by first writing the presentation ideal as an intersection and then using the associativity formula for multiplicities. The w x w x argument in RS runs exactly parallel to the argument in HTU just described.
Our work here is based on two observations. First, the bigrading on w x gr R It is induced from the one on A A, and since F F respects the
Ž w x. bigrading on A A, the bigraded Hilbert series of gr R It is the same as F F w x that of gr R It . Second, the associativity formula for multiplicities is
a false leadᎏit gives the formula for the multiplicity all right but it hides other information that can just as readily be extracted from the presentation ideal. In our main result, namely, Theorem 2.4 below, we deduce from the presentation ideal an expression for the bigraded Hilbert series of w x gr R It . The argument is not any more difficult than the argument in
w x w x HTU and RS based on the associativity formula.
The organization of this paper should be clear from the titles of its sections. We would like to draw the reader's attention to our rather special notation for the Hilbert series and the Hilbert polynomial, to the remarks in Sect. 4, and to the question posed in connection with Example 3.2.3.
To end this section, here are some bibliographical notes. Mixed multiw x plicities were introduced first by Teissier and Risler T in their work on Milnor numbers of hypersurface singularties. They calculated them in w x terms of sufficiently general elements. Later Rees Re introduced joint reductions to replace sufficiently general elements. This made the task of w x calculating the mixed multiplicities easier. Paul Roberts Ro has used mixed multiplicities to define multiplicity of a homomorphism between free modules. The remarks in Sect. 4 below are in the spirit of the formula w x in KV for the multiplicity of the extended Rees algebra in terms of mixed w x multiplicities. For more information about mixed multiplicities, see KV and the references therein. There are similarities between the proof of w x Theorem 2.4 below and the proof in JR .
NOTATION FOR HILBERT SERIES AND
HILBERT POLYNOMIALS w x Let k be a field and let k U , . . . , U be the polynomial ring in p 1 p variables over k with the usual grading. Let R s [ R be a graded Ž .
The coefficients c are all integers and of course c s 0 for large i since 
All Hilbert series appearing in the sequel are written as Laurent with i q j -0 but i G 0 or j G 0, while they contribute to the singly graded Hilbert polynomial, are irrelevant to the bigraded Hilbert polynomial.
THE THEOREM
Ž . In this section we prove the main result Theorem 2.4 , which unfortunately is rather technical. The starting point of the proof is the expression w x proved in RS for the ideal of leading forms, with respect to the degreelexicographic filtration F F, of the ideal defining the Rees algebra as a quotient of the polynomial ring over the base ring. This ideal of leading forms has the form of a monomial ideal which enables us to express it as an intersection of simpler ideals and deduce from there the formula for the bigraded Hilbert series. w x We begin by recalling from R2 the definition of a quadratic sequence.
Such an ideal ⌰ is said to be associated with the pair ⌳, . This Ä 4 association need not be uniqueᎏthe set x of generators of I may ¬ g ⍀ not be unshortenable ᎏbut X is unique by 1. Ž .
Note that ⌿ is an ideal of ⍀ and that ᑛ is independent of the choices
We can now state our main theorem. 
Ž .
Ž .
1 n Ž .
Let I denote the ideal x , . . . , x and M M s [ R the irrele¨ant maximal
1 n i i ) 0 Ž w x.
ideal. Then the bigraded Hilbert series of gr R It is gi¨en by
where ⌬ is defined as abo¨e and
Ž . Ž .
Proof. We prove only the formula for the Rees algebra. If in this proof Ž . we replace R by RrI and RrI by Rr I q I , we get the proof of the Ž . Ž .
Ž . calculate the Hilbert series, we treat it as such. The first step then is to write it as an intersection of simpler ideals. In order to do this, we first Ž . observe that if j F k, j, k f ⌬, and a g I , then by the stability assump-
We claim that
. That F J contains the left-hand side follows from the observation made 
where ‫ވ‬ stands for bigraded Hilbert series. Adding these n equations, we get
It is proved easily by induction that
.
The expression for I I q J is now immediate:
. ( RrI m F , where 
Ž .

Observe that ‫ވ‬ A ArI I is the desired Hilbert series, that
A ArI ( RrI m n l l k Ž . F,F [ F r T . Either l, l g ⌬, in which case F s F l l l l l l l k 2 w x Ž . Ž . w x m k T r T , or l, l f ⌬,
d-Sequences
An ordered sequence x , . . . , x of elements of a ring is called a
It is easy to see that see, for example, R1 that the above condition is equivalent to
Ž . In particular,
For a detailed discussion of examples to which the above corollary can w x be applied, we refer the reader to HTU, Sect. 3 . Here we stay content with the simplest application:
Ž . E XAMPLE 3.1.2 regular sequences . Let R be a standard graded algebra over a field and let x , . . . , x be a regular sequence of homogeneous 
Predictably, the formula for the bigraded Hilbert series of Ž .
2 gr gr R reduces to
Straightening-Closed Ideals in Graded ASLs
We borrow the notation, terminology, definitions, and references of the w x subsection of RS, Sect. 2 that has the same title as the present one. Throughout our discussion of straightening-closed ideals, R denotes a graded ASL on a finite poset ⌸ over a field R s k. For ⌳ : ⌸, the ideal 0 Ž . ¬g⌳ of R is denoted R⌳. Let ⍀ be a straightening-closed ideal of w x Ä 4 ⌸ . By Proposition 2.4 of RS , ¬ g ⍀ is a quadratic sequence in R. By w x w x Proposition 2.5 of RS , any linearization ࠻: ⍀ ª 1, n of ⍀ is stable.
Ž . Ž . Assuming that deg x F иии F deg x for a given linearization, we may 1 n w x therefore apply Theorem 2.4. Proposition 2.5 of RS gives ⌬ s , ¬ , incomparable elements of ⍀ , and ࠻ F ࠻ , 
1 n Ž wŽ . x. then the bigraded Hilbert series of gr R R⍀ t is gi¨en by Ž .
Note the formal analogy between the special case of the above formulas when ⍀ is linearly ordered and the formulas for a d-sequence of Corollary Ä 4 3.1.1: if ⍀ s 1, . . . , n is linearly ordered, then F is the polynomial ring l w x Ž . k T , . . . , T , so a F is 1 if q s l y 1 and 0 otherwise.
We now recover, from the above corollary, expressions for the multiplicwŽ . x Ž .
2 ities of gr R R⍀ t and gr gr R . The follow- 
Ž .
wŽ . x Then the multiplicity of gr R R⍀ t is gi¨en by
Ž . where e RrR⌸ is the multiplicity of the graded algebra RrR⌸ and e is the number of maximal chains in ⍀ of the type z иии z . The mixed
where ps dim R y 1. 8 Ž .
2
The multiplicity of gr gr R is gi¨en by
Ž . Ž . Ž .
Ä 4 where Ѩ ⍀ s g ⍀ j yϱ ¬ has an upper neighbor in ⌸ j ϱ not in 4 ⍀ , where yϱ and ϱ are the smallest and largest elements added to ⌸.
Ž .
Proof. Since ASLs are reduced and ) implies that all minimal primes wŽ . x of R have maximal dimension, it is clear that dim gr 
From the above considerations we also get eq. 8 . The proof of eq. 9 Ž Ž .. Ž . Ž . is similar: note that rk ⌸ _ ⍀ j ⌸ q rk F rk ⌸ q 1 and that equality holds if and only if g Ѩ ⍀.
Ž
. w x EXAMPLE 3.2.3 generic maximal minors . Let R s k X be the polynomial ring obtained by adjoining to a field k the entries of an m = n Ž . matrix X of indeterminates we assume m F n . It is well known that R is a graded ASL over k on the poset ⌸ of all q-minors of X, 1 F q F m. A w x q -minor is denoted r иии r ¬ c иии c , where r , . . . , r and c , . . . , c
indicate row and column indices. The partial order on ⌸ is given by the following rule:
Žw xw m -minors is a straightening-closed ideal H2, item 1.19 , BST, Example x. 2.1.3 . Since all elements of ⍀ have the same degree, Theorem 2.4 applies.
The Hilbert series of the rings RrR⌸ have been calculated by Abw x w x w x w x hyankar A and by several authors after him, e.g., G , CH , and Gh . An element of ⍀ is characterised by its column indices c , . . . , c . From eq. 1 m Ž . w x 2 of CH , we see that
where d s m 2 n q m q 1 r2 y Ýc is the dimension of RrR⌸ . Substii tuting the above equation and information about the face rings F into the formulas of Theorem 2.4, we can calculate the bigraded Hilbert series of wŽ . x Ž .
2 gr R R⍀ t and gr gr R .
We will now describe a way of looking at this example which leads w x naturally to a question. Our reference for this paragraph is S . Let Ž . Schubert varieties in the quotient spaces of SO n and SP 2 n by maximal parabolic subgroups. Except for the situation of the above example and for some other rather special situations which can be reduced easily to the situation of the above example, we do not know the answer.
Defining Ideals of Projecti¨e Monomial Space Cur¨es Lying on the
Quadric Surface xy y zw s 0 w x Let R s k x, y, z, w be the polynomial ring in four variables over a field k, and let I denote the homogeneous ideal of the projective monomial curve Using this we can calculate, as in the proof of Theorem 2.4, the bigraded w x Ž Ž .. 
